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120, 2025 $S^{6}$ 2
$s$
$\mathbb{R}^{d}$
2 $x=(x_{1}, x_{2}, \ldots x_{d}),$ $y=(y_{1},y_{2}, \ldots, y_{d})$
$d(x,y)=\sqrt{\sum_{1--1}^{d}(x_{i}-y_{1})^{2}}$
$\mathbb{R}^{d}$ $X$
$A(X):=\{d(x, y)|x, y\in X,x\neq y\}$
$|A(X)|=\epsilon$ $X$ $s$ ((s-distance set)
$\{(0,0), (0,1), (1,0), (1,1)\}$
$A(X)=\{1, \sqrt{2}\}$ $\mathbb{R}^{2}$ 2
$s$ $d$
$s$
$(d, N, u)$ $t$
[7,8]
(Gegenbauer polynomial) $d$ $\{G_{k}^{(d)}\}$
$xG_{k}^{(d)}(x)=\lambda_{k+1}G_{k+1}^{(d)}(x)+(1-\lambda_{k-1})G_{k-1}^{(d)}(x)$.
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$\lambda_{k}=k/(d+2k-2),$ $G_{0}(x)\equiv 1,$ $G_{1}(x)=dx$ $X\subset S^{d-1}$
$\sum_{x,y\in X}G_{k}^{(d)}(\langle x, y\rangle)\geq 0$ (1.1)
$k$ $(x,$ $y\rangle$ $\mathbb{R}^{d}$
$(d, N, u)$ (spherical $(d,N,$ $u)$-code)
-1 $N$ 2 $u$
$(d, N, u)$ (optimal)
$(d, N, 1/2)$ $d$ (kissing number)
$(d, N, u)$
(11)
Theorem 1.1 ([8]). $F(x)$ :
(1) $-1\leq x\leq u$ $P’(x)\leq 0$
(2) $F(x)= \sum_{i=0}^{k}f_{i}G_{i}^{(d)}(x)$ $f_{i}\in \mathbb{R}$ $f_{0}>0$ ,
$f_{i}\geq 0(k=1,2, \ldots, k)$
$(d, N, u)$ $N<F(1)/f_{0}$
Proof. $X$ $(d, N, u)$
$NP^{1}(1) \geq\sum_{x,y\in X}F’(\langle x,y\rangle)\geq\sum_{i=0}^{k}f_{i}\sum_{x,y\in X}G_{i}^{(d)}(\langle x,y\rangle)\geq N^{2}f_{0}$
$|X|\leq P’(1)/f_{0}$
Theorem 11 $X$ $x,y\in X$




$t$ $f\in \mathbb{R}[x1, \ldots,x_{d}]$ $1\leq i\leq t$
$\sum_{x,y\in X}G_{i}^{(d)}(\langle x, y))=0$ $X$ $t$
$t$ $d$ $t$
Theorem 1.2 ([8]). $F(x)$ :
(1) $-1\leq x\leq 1$ $P’(x)\geq 0$
(2) $F’(x)= \sum_{i=0}^{k}f_{i}G_{i}^{(d)}(x)$ $f_{i}\in \mathbb{R}$ t $f_{0}>0$ ,
$f_{i}\leq 0(i=t+1,t+2, \ldots, k)$
$t$ $X$ $|X|\geq F(1)/fo$
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P$\pi$ $X$ $t$






matrix) $(d(x, y)^{A})_{x,y\in X}$ [18, 9].
2




Example 2.1. $X;=\{(xx,x)\in \mathbb{R}^{d+1}|x_{t}\in\{0,1\}, |\{i|x_{i}=1\}|=s\}$
$X$ $x$ $j=(1,1, \ldots, 1)$ $\langle x,j)=s$ $X$ $d$




Theorem 2.2 ([1, 2, 8]). (1) $X$ $\mathbb{R}^{d}$ $s$ $|X|\leq(\begin{array}{l}d+ss\end{array})$
(2) $X$ $S^{d-1}$ $s$ $|X|\leq(\begin{array}{l}d+\epsilon-1s\end{array})+(\begin{array}{l}d+\epsilon-2s-1\end{array})$
$B(X):=\{\langle x, y\rangle|x, y\in X,x\neq y\}$ $s$
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Theorem 2.3. $B$ $[-1,1)$ $P’(x)$
:
(1) $\alpha\in B$ $P’(x)\leq 0$
(2) $P^{1}(x)= \sum_{i=0}^{k}f_{i}G_{i}^{(d)}(x)$ $f_{i}\in \mathbb{R}$ $f_{0}>0$ ,
$f_{i}\geq 0$ $(k=1,2, \ldots , k)$




Corollary 2.4. $X$ $s$ $\prod_{\alpha\in B(X)}(t-\alpha)=$
$\sum_{i=0}^{k}f_{i}G_{i}^{(d)}(x)$
$f_{i}$ $fo>0,$ $f_{i}\geq 0(k=1,2, \ldots, k)$ $|X|\leq F’(1)/fo$
Theorem 2.3 $B(X)$ $B(X)$




Theorem 2.5 ([17]). $X\subset S^{d-1}$ $s$ $|X| \leq\sum_{i\in \mathcal{I}(X)}h_{i}$
$\mathcal{I}(X)=\{1,2, \ldots, s\}$ $\sum_{i\in \mathcal{I}(X)}h_{i}=(^{d+\epsilon-1})+(\begin{array}{l}d+s-2s-1\end{array})$ $\mathcal{I}(X)\subsetneq\{1,2, \ldots, s\}$
Theorem 2.5 Theorem 2.3 $\mathcal{I}(X)=$
$\{$ 1, 2, $\ldots,$ $s\}$ $s$ $X$ CoroIlary 2.4 Corollary
2.4 Theorem 2.5 Theorem 2.2
Larman-Rogers–Seidel
Theorem 2.6 ([12]). $X\subset \mathbb{R}^{d}$ 2 $A(X)=\{a_{1}, a_{2}\}(a_{1}>a_{2})$ $|X|\geq$
$2d+4$ $k(2\leq k\leq 1/2+\sqrt{d}/2)$ $a_{2}^{2}/a_{1}^{2}=(k-1)/k$
$|X|\geq 2d+4$ Neumaier[18] $|X|\geq 2d+2$ $2d+1$ 2
Conference graph $a_{2}^{2}/a_{1}^{2}$
[18]. Larman-Rogers–Seidel [16]
Theorem 2.7. $X\subset \mathbb{R}^{d}$ (resp. $X\subset S^{d-1}$) $s$ $A(X)=\{a_{1}, a_{2}, \ldots, a_{s}\}$




$|X|\geq 2N$ $S^{d-1}$ 2 $|X|\geq 2N=2d+2$
$\mathbb{R}^{d}$ 2 $|X|\geq 2N=2d+4$
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3
Musin [14] 2 Theorem 22





$M_{8}^{*}(3)=120$ , $M_{22}^{*}(3)=2025$ .
$S^{7}$ 3 $E_{8}$ 240
1 $B(A_{8})=\{\pm 1/2,0, -1\}$ $S^{7}$ 4
$x\in$ $-x\in X$ ( ) $Y=$
$\{\{x, -x\}|x\in B_{8}^{1}\}$ $|Y|=120$ $\{x, -x\}\in Y$
x( $x$ ) 120 $Z\subset E_{8}$ $(Z\cup(-Z)=E_{8})$ .
$A(Z)=\{\pm 1/2,0\}$ $Z$ 120 3 $Z$




[14] $7\leq d\leq 39(d\neq 22,2’3)$ $M_{2}^{*}(d)=d(d+1)/2$
2 $8\leq d\leq 39(d\neq 22,2’3)$ Example2.1
$S^{6}$ 5 (tight spherica15-daeign)












$\mathbb{R}^{d}$ $X$ 2 $0$ $|X|\leq 2d$
(Rankin bound [19], [10, page 16]). $0<\beta_{3}<1$
$0<\beta_{3}<1$
$\beta_{3}$ , $K_{i}$ $L(\beta_{3}, \{K_{i}\})$
(Theorem 2.3) Theorem 25 $H(\beta_{3}, \{K_{i}\})$
$M_{d}^{*}(3)\leq$ max min$\{L(\beta_{3}, \{K_{i}\}), H(\beta_{3}, \{K_{i}\})\}$
$\beta_{8},\{K_{i}\}$





2 $f_{1}=0$ Theorem 2.5 $|X|=(\begin{array}{l}d+12\end{array})=28$
equiangular lines $\text{ _{}D}^{A}$ $\{\pm 1/3\}$
28 2 $X$ $X\cap(-X)=\emptyset$
$Y=X\cup(-X)$ 56 3 $(B(Y)=\{-1, \pm 1/3\})$ . $56$
3 5 (tight spherica15-design)
[24, 20]. Aut(Y) $W(A_{7}^{1})$
$|$ Aut$(Y)|=2903040$ [24]. 5 $Y$




$28\},$ $|X\cap\{x_{i},$ $-x_{i}\}|=1$ and $|X|=28\}$ .
$|X|=2^{28}$ $X_{1},$ $X_{2}\in X$ $g\in O(7, \mathbb{R})$
$Y^{g}=X_{1}^{9}\cup(-X_{1}^{g})=X_{2}\cup(-X_{2})=Y$
$g\in Aut(Y)$ $X,$ $X’\in X$
$X\sim X’\Leftrightarrow\exists g\in$ Aut(Y), $X^{g}=X’$
$X/\sim$ 2
$X\in$ $x\in X$ $\varphi_{x}(X)=(X\backslash \{x\})\cup\{-x\}$ [X1], $[X_{2}]\in x/\sim$
$\mathcal{E}=\{\{[X_{1}], [X_{2}]\}|^{\text{ }}X_{1}\in[X_{1}],$ $X_{2}\in[x_{2}],$ $\text{ _{}x\in X_{1,\varphi_{x}(X_{1})=X_{2}\}}}$
$(X/\sim,\mathcal{E})$
(Magma [3]) $X/\sim$
$X\in X$ $M=\{X\},$ $t=|W(E_{7})|/|$ Aut$(X)|$
Magma
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(1) $x\in X$ $\varphi_{x}(X)$ $M$ $M$ $\varphi_{x}(X)$
$t=t+|W(A_{7})|/|$ Aut $(\varphi_{x}(X))|$ ( Magma
)
(2) $t=2^{28}$ $x\in X$ (1) $x\in X$
$X\in M$ (1)
$M$ $X/\sim$ $|W(A_{7})|/|$ Aut $(\varphi_{x}(X))|$ $|\{Z\in$
$X|\varphi_{x}(X)\sim Z\}|$ $(X/\sim,\mathcal{E})$ $t$
$2^{28}$ $2^{28}$ 28 $x|X/\sim|$
( )
2
467 28 2 (28,12,6,4)
4 96, 360, 384, 40320 $x\in Y$
$X_{+}= \{x\}\cup\{y\in Y|\langle x,y\rangle=\frac{1}{3}\}$
$X_{-}= \{x\}\cup\{y\in Y|\langle x,y\rangle=-\frac{1}{3}\}$
$x_{+},$ $x_{-}$ 51840 $x$
$\{y\in Y|\langle x, y\rangle=\frac{1}{3}\}$
$\grave$ (27, 10, 1, 5)
$X_{+}$ $A_{6}^{1}$ $W(A_{6}^{1})$
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